Abstract. In this paper, we prove a Gauss-Bonnet theorem for the higher algebraic u-theory of smooth complex algebraic varieties. To each exact n-cube of hermitian vector bundles, we associate a higher Bott-Chen form, generalizing the Bott-Chern forms associated to exact sequences. These forms allow us to de®ne characteristic classes from u-theory to absolute Hodge cohomology. Then we prove that these characteristic classes agree with Beilinson's regulator map.
Introduction
The aim of this paper is to generalize the Gauss-Bonnet theorem to the higher algebraic u-theory of smooth complex algebraic varieties.
The Gauss-Bonnet theorem states that, if is a compact oriented 2-dimensional riemannian manifold, then Kde 2pv Y where K is the gaussian curvature of the riemannian metric and v is the Euler characteristic of the manifold . Thus, this theorem relates a global topological invariant, the Euler characteristic, with a locally de®ned differential geometrical object, the gaussian curvature. The Gauss-Bonnet theorem may be restated saying that the closed form Ka2p represents, in de Rham cohomology, the Euler class of the tangent bundle.
This result was generalized by Chern ([Ch] , see also [Gr] , [M-S] ). If is an almost complex manifold and i is a complex vector bundle, by topolo- Invent. math. 132, 261±305 (1998) gical means (for instance obstruction theory), we can de®ne some characteristic classes of the vector bundle, called the Chern classes of i,
In this paper we shall restrict the discussion to the Chern character (see [M-S] ), denoted ch 0 i, which is a certain power series, with rational coef®cients, in the Chern classes. The Chern character is additive for exact sequences. Nevertheless, since the cohomology groups we shall consider will be real vector spaces, any result about the Chern character will imply the analogous result for any power series in the Chern classes.
Let us provide i with a hermitian metric h. Let i denote the dierential graded commutative algebra of complex valued dierential forms on , and let i YR denote the subalgebra of real forms. Let h be the unique connection of i satisfying
(1) h preserves h. Then the form e ch 0 iY h is closed. The Chern theorem states that the form e ch 0 iY h represents, in de Rham cohomology, the Chern character class.
Observe that an oriented riemannian 2 dimensional manifold admits a canonical structure of complex manifold. Since the Euler class is the top Chern class, the Gauss-Bonnet theorem is a particular case of Chern's theorem.
The additivity of the Chern character implies that it induces a group homomorphism
where u 0 is the Grothendiek group of . Characteristic classes for higher algebraic u-theory were introduced by Gillet in [Gi] . These classes are de®ned on any cohomology theory satisfying certain properties, such as de Rham cohomology. Nevertheless, in this case, these higher characteristic classes do not give much information. For instance, for a proper smooth complex algebraic variety, the only non zero classes are the original Chern classes from the u 0 group. In contrast, if the cohomology theory is absolute Hodge cohomology, the Chern character map obtained in this way agrees with the Beilinson regulator map, which is highly non trivial and is involved in very deep and far reaching conjectures [Be] .
Recall that, for a smooth proper algebraic complex variety, we have
Therefore, since, by (1), the Chern character form has the right Hodge type, the Chern theorem implies that the Chern character form represents, in absolute Hodge cohomology, the Chern character class. The question of generalizing the Chern theorem to the characteristic classes from higher utheory to absolute Hodge cohomology arises naturally.
In their paper about arithmetic characteristic classes of hermitian vector bundles [G-S 1] , Gillet and SouleÂ accomplished the ®rst step of this program, extending the Chern theorem to the case of u 1 . Let us brie¯y explain this result.
The elements of u 1 may be represented by exact sequences of vector bundles. Thus, the ®rst step is to understand what is the analogue of the Chern forms of hermitian vector bundles in the case of exact sequences of hermitian vector bundles. Let Note that the normalization factor we use is dierent from the normalization factor used in the original paper. The forms e ch 1 n are natural and well de®ned only up to Im d Im d.
Bismut, Gillet and SouleÂ [B-G-S] , [G-S 1] have given a dierent construction of Bott-Chern forms that can be applied to the case when h H and h
HH
are not the induced metrics. These Bott-Chern forms are also well de®ned only up to Im d Im d.
Bott-Chern forms are exactly what we were looking for, and, when is proper, Gillet and SouleÂ [G-S 1] have given an explicit description of Beilinson's regulator map for u 1 in terms of these Bott-Chern forms, thus extending the Chern theorem to the group u 1 .
As we have seen, the Chern character class on the u 0 is additive for exact sequences. Nevertheless one cannot make a consistent choice of representatives of the Chern character that behave additively for exact sequences. The Bott-Chern forms measure precisely this lack of additivity at the level of Chern forms, and they are responsible for the Chern character for the u 1 -group. Following Schechtman's ideas [Sch] the lack of additivity of the representatives of the Chern character for u i is responsible for the Chern character for u i1 . Thus, the lack of additivity of Bott-Chern forms should allow us to de®ne second order Bott-Chern forms that give a description of Beilinson's regulator map for the u 2 . And we can repeat this process to obtain Beilinson's regulator map for all the u groups.
In this direction, when is proper, the second author [Wan] has de®ned higher Bott-Chern forms for exact hermitian n-cubes. These forms may be thought of as an iteration of Bott-Chern forms. Moreover, he has used them to de®ne characteristic classes for higher u-theory, proving that, if one can naturally extend higher Bott-Chern forms to the non proper case, then these characteristic classes agree with Beilinson's regulator map.
In this paper we shall give a variant of Wang's original construction that can be easily extended to the non-proper case, thus completing the proof of the Gauss-Bonnet theorem for higher algebraic u-theory. An interesting feature of the construction given here is that we obtain well de®ned BottChern forms and not only modulo Im d Im d.
Parallel results in the framework of multiplicative u-theory have been obtained by Karoubi in [K1] and [K2] .
Gillet and SouleÂ [G-S 1] have used Bott-Chern forms to de®ne arithmetic u 0 groups. SouleÂ has suggested [So] , see also [De] , that one may de®ne higher arithmetic u-groups as the homotopy ®bre of Beilinson's regulator map. We expect that higher Bott-Chern forms, as presented in this paper, will be useful in giving a more concrete de®nition of higher arithmetic u-theory and studying its properties.
Throughout the paper all vector bundles will be algebraic and we shall use the equivalent notion of locally free sheaf.
The plan of the paper is as follows. In Sect. 1 we recall the de®nition of real absolute Hodge cohomology. We shall also show that real absolute Hodge cohomology can be computed by means of a complex composed by forms de®ned on Â P 1 n , n ! 0. Higher Bott-Chern forms will live in this complex.
In Sect. 2 we introduce and study some properties of smooth at in®nity hermitian metrics. Over a non proper smooth complex variety, to compute real absolute Hodge cohomology, one needs to impose logarithmic conditions at in®nity to the dierential forms. Thus we cannot use arbitrary hermitian metrics because they will produce dierential forms with arbitrary singularities at in®nity. The use of smooth at in®nity hermitian metrics ensures that Bott-Chern forms have the right behaviour at in®nity.
In Sect. 3 we recall the notion of exact metrized n-cubes. To each exact ncube, i, we shall attach a vector bundle, tr n i over Â P 1 n which may be thought of as a homotopy between the faces of i. When the hermitian metrics of i satisfy certain technical condition, we shall de®ne a natural metric on tr n i. The Chern character form of the vector bundle tr n i will play the role of higher Bott-Chern forms. Note that these forms live in Â P 1 n . In Sect. 4 we use higher Bott-Chern forms to de®ne Chern character classes from higher u-theory to real absolute Hodge cohomology.
In Sect. 5 we prove that the higher Chern character de®ned in Sect. 4 agrees with Beilinson's regulator map.
In Sect. 6 we recall several complexes that compute real absolute Hodge cohomology and homology. Using them we give, for proper, two dierent versions of higher Bott-Chern forms which are de®ned on . The ®rst one, obtained using the Thom-Whitney simple, is multiplicative. The second one agrees with classical Bott-Chern forms and with the original de®nition due to Wang.
Absolute Hodge cohomology
In this section we shall recall the de®nition of real absolute Hodge cohomology [Be] of a smooth complex algebraic variety . By a smooth complex variety we shall mean a smooth separated scheme of ®nite type over C. We shall also construct a complex, composed by forms on Â P 1 n , n ! 0, whose cohomology is the real absolute Hodge cohomology of .
(1.1) Let be a smooth proper complex variety. Let & be a normal crossing divisor and let us write À . Let i Ã be the dierential graded algebra of dierential forms on , and let i Ã log be the dierential graded algebra of C I complex dierential forms on with logarithmic singularities along (see [Bu 1]). The algebra i Ã log has a real structure, i Ã log R , a weigh ®ltration de®ned over R and a Hodge ®ltration p . Moreover the cohomology of this algebra gives us the cohomology of with its real mixed Hodge structure.
Let us denote by the deÂ caleÂ e ®ltration of . That is r i n log x P rÀn i n log j dx
where the limit is taken along all the smooth compacti®cations e a of with a e a À a normal crossing divisor. Then i Ã log is a dierential graded algebra and it has an induced real structure, a weight ®ltration and a Hodge ®ltration. Moreover the map
is a ®ltered quasi-isomorphism and the map
is a bi®ltered quasi-isomorphism.
(1.2) Let us write
where urY f f À r and s denotes the simple of a morphism of complexes, i.e. the coÃ ne shifted by one. The dierential of this complex will be denoted by d H . The real absolute Hodge cohomology of [Be] is
is an object modeled on the cube in the same way as a simplicial or cosimplicial object is modeled on the simplex. Let P 1 C Á be the cocubical scheme which in degree n is P 1 C n , the n-fold product of the complex projective line. The faces and degeneracies
(1.5) We want to obtain from H ÃYÃ P Y p, a complex which computes the absolute Hodge cohomology of . On the one hand, since we are using a cubical theory we need to factor out by the degenerate elements (see [Mas] ). On the other hand, we need to kill all cohomology classes coming from the projective spaces.
Let us denote by p 0 X Â P 1 n À3 the projection over the ®rst factor and by p i X Â P 1 n À3 P 1 , i 1Y F F F Y n, the projection over the i-th projective line.
Let x X y be homogeneous coordinates of R 1 . Let us write
we shall write Proof. For each j let us write
For j 1, n À1, the complex e H rYn 1 Y p is the cokernel of the monomorphism
But by the Dold-Thom isomorphism for absolute Hodge cohomology, the above morphism is a quasi-isomorphism. For j b 1, n`À1, e H ÃYn j Y p is the cokernel of the monomorphism
By induction hypothesis, the source and the target of this morphism have zero cohomology. Therefore the cokernel also has zero cohomology.
Smooth at in®nity hermitian metrics
In this section we introduce smooth at in®nity hermitian metrics. For a smooth complex variety and a locally free sheaf F, a smooth at in®nity hermitian metric is a metric that can be extended to a smooth metric over some compacti®cation of F. The interest of smooth at in®nity hermitian metrics is that they provide representatives of Chern classes in absolute Hodge cohomology.
(2.1) Before de®ning smooth at in®nity hermitian metrics, we shall study classes of compacti®cations of locally free sheaves.
De®nition 2.1. Let be a smooth complex variety and let F be a locally free sheaf over . A compacti®cation of F is a smooth compacti®cation of , i X À3 e , a locally free sheaf e F over e and an isomorphism u X F À3 i Ã e F. A compacti®cation of F will be denoted by iY e Y e FY u. Usually we shall identify with i and F with e Fj , and denote a compacti®cation by e FY e .
Proposition 2.2. Let be a smooth complex variety and let F be a locally free sheaf over . Then there exists a compacti®cation of F.
Proof. Let À3 e 1 be any compacti®cation of . Then there is a coherent sheaf e F 1 on e 1 such that e F 1 j F. By [Ro] (see also [Ri] and [N 1]) there is a proper modi®cation w X e À3 e 1 , which induces an isomorphism w À1 À3 , and such that e F w Ã e F 1 aTorw Ã e F 1 is a locally free sheaf. Moreover e Fj w À1 is isomorphic to e F 1 j . Thus the induced map i X À3 e is a compacti®cation of , and e F is a compacti®cation of F.
De®nition 2.3. Let be a smooth complex variety and let F be a locally free
We say that e F 1 and e F 2 are equivalent if there exists a third compacti®cation i 3 Y e 3 Y e F 3 Y u 3 and morphisms w 1 X e 3 À3 e 1 and w 2 X e 3 À3 e 2 such that 1) w 1 i 3 i 1 and w 2 i 3 i 2 .
2) There are isomorphisms a 1 X e F 3 À3 w
In order to simplify the notation, a class of equivalent compacti®cations of F will be denoted by a single symbol, for instance e F. Moreover, if there is no danger of confusion, we shall denote by the same symbol the locally free sheaf which appears in any representative of this class.
(2.2) Let us see that a compacti®cation class induces uniquely determined compacti®cation classes in quotients and subsheaves.
Theorem 2.4. Let be a smooth complex variety and let
be an exact sequence of locally free sheaves over . Then for any compacti®cation class e G of G, there are uniquely determined compacti®cation classes e F and e H of F and H respectively such that n extends to an exact sequence
Proof. Let e 1 be a compacti®cation of where e G is de®ned. Let r rk H.
Let
Grass r e i e G be the Grassmanian of rank r quotients of e G [G-D] . Let us denote by U the universal bundle on Grass r e 1 e G. The exact sequence
induces a morphism
By resolution of singularities, there is a proper modi®cation e of e 1 , which is a compacti®cation of and such that u extends to a morphism
H is a compacti®cation of F and n extends to an exact sequence
The unicity follows from the fact that, since is dense in e , the morphism e u is unique.
De®nition 2.5. Let be a smooth complex variety and let
be an exact sequence of locally free sheaves over . Let e G be a class of compacti®cations of G. Then the classes of compacti®cations e F and e H, of F and H respectively, obtained in theorem 2.4 are called the induced compacti®cations.
(2.3) Let us introduce smooth at in®nity hermitian metrics. De®nition 2.6. Let be a smooth complex variety, let F be a locally free sheaf over and let h be an hermitian metric on F. We say that h is smooth at in®nity if there exist a compacti®cation e F of F, and a smooth metric e h on e F such that e hj h.
A smooth at in®nity hermitian metric determines univocally a compacti®-cation class.
Proposition 2.7. Let be a smooth complex variety and let F be a locally free sheaf on . Let e F and e F H be two compacti®cations of F and let e h and e h H be smooth metrics on e F and e F H . If e hj e h H j , then e F and e F H are equivalent compacti®cations.
Proof. We can assume that both compacti®cations are de®ned over the same variety e . Let K e be the sheaf of rational functions over e . The identity on F induces morphisms 
Since is dense in we have e h H f sx e hsx`I for all x P .
Proposition 2.8. Let
be an exact sequence of locally free sheaves on and let h be a smooth at in®nity metric on F. Proposition 2.9. Let f X À3 be a morphism between smooth complex varieties. Let FY h be a locally free sheaf over with h a smooth at in®nity metric. Then f Ã h is a smooth at in®nity metric on the locally free sheaf f Ã F.
Proof. Let e Y e F be a compacti®cation of Y F, such that there exists a hermitian metric e h with e hj h. Let e 1 be any compacti®cation of . We shall denote by C the graph of f , and by C the adherence of C in e 1 Â e . Let e be a resolution of singularities of C and let e f X e À3 e be the induced morphism. Then e Y e f Ã e F is a compacti®cation of Y f Ã F and e f Ã e h is a smooth metric such that e f Ã e hj f Ã h. Therefore f Ã h is smooth at in®nity.
(2.4) Let us see that smooth at in®nity hermitian metrics provide representatives of the Chern character classes in absolute Hodge cohomology. Let be a smooth complex variety, F a locally free sheaf and h a smooth at in®nity hermitian metric. Let e F be the compacti®cation class of F determined by h, e a compacti®cation of where e F is de®ned, and e h a smooth metric on e F extending h. Let u (resp. e u) be the curvature form of FY h (resp. e FY e h). 
Therefore the result follows from the classical description of the Chern character in terms of curvature forms. In the non proper case it follows from the functoriality of the Chern character.
3 Exact n-cubes of locally free sheaves
In this section we shall recall the notion of exact n-cube (see [Lo 2], [Wan] ).
To each metrized exact n-cube, F, which satis®es certain conditions, we shall associate a metrized locally free sheaf on Â P 1 n , called the n-th transgression of F. This transgression can be viewed as a homotopy between its vertexes. The Chern character form of the transgression will play the role of higher Bott-Chern forms.
(3.1) First some notations. Let À1Y 0Y 1 h ibe the category associated to the ordered set fÀ1Y 0Y 1g. Let À1Y 0Y 1 h i n be its n-th cartesian power. By convention, the category À1Y 0Y 1 h i 0 has one element and one morphism. Let E be an exact category.
De®nition 3.2. Given a n-cube F, and numbers i P f1Y F F F Y ng, j P fÀ1Y 0Y 1g,
is called an face of F. Given a number i P f1Y F F F Y ng and a n À 1-tuple
A n-cube is called an exact n-cube if all its edges are short exact sequences. We shall denote by g n E the exact category of exact n-cubes. Observe that, for all non negative integers n, m, there is a natural isomorphism of categories g n g m E À3 g nm E. In particular, an exact n-cube can be viewed as an exact sequence of exact n À 1-cubes or as an exact n À 1-cube of exact sequences.
The maps
are called face maps. The maps
2) We shall write g n E Ob g n E and gE qg n E.
Assume that the category E is small. To avoid set theoretical problems, in the sequel we shall always assume tacitly that we replace any large category by an equivalent small full subcategory. Observe that the diagram gE behaves like a cubical diagram. We have replaced the category 0Y 1 h i by the category À1Y 0Y 1 h i . This motivates the following construction. Let Zg n E be the free abelian group generated by g n E. And let the dierential d X Zg n E À3 Zg nÀ1 E be given by
Let h n & Zg n E be the subgroup generated by the degenerate exact n-cubes. Then dh n & h nÀ1 . Therefore the following de®nition makes sense.
De®nition 3.4. The homology complex associated to gE is e ZgE ZgEah X (3.3) For the remainder of the section, let us ®x a smooth complex variety . Let E be the exact category of locally free sheaves on and let E be the exact category of pairs FY h, where F P Ob E and h is a smooth at in®nity hermitian metric on F. The morphisms of this category are
Let F be the forgetful functor E À3 E . By choosing metrics we may construct a functor q X E À3 E . Then p q is the identify functor on the category E . Moreover, the identity morphism on the vector bundles is a natural transformation between q p and the identity functor in E . Thus p is an equivalence of categories. For simplicity we shall write g gE . An element F P g n is called a metrized exact n-cube of locally free sheaves.
(3.4) For technical reasons we need to work with metrized exact n-cubes which have, in all the quotients, the induced metrics.
De®nition 3.5. We shall say that a metrized exact n-cube,F fF a Y h a g has induced quotient metrics (an emi-n-cube for short) if, for each n-tuple a a 1 Y F F F Y a n , and each i with a i 1, the metric h a is induced by the metric h a 1 YFFFYa iÀ1 Y0Ya i1 YFFFYa n .
Let us see that there are enough emi-n-cubes. Let a P fÀ1Y 0Y 1g n be a n-tuple. We shall write a 0 if a i 0 for all i.
Proposition 3.6. Let F be an exact n-cube of locally free sheaves and, for all a 0, let h a be a hermitian metric on F a . Then there is a unique way to choose metrics h a for all a T 0, such that F fF a Y h a g is an emi-n-cube.
Proof. The uniqueness is clear. For the existence, we have to see that, in each F a , with a T 0, all the possible induced metrics agree. This is guaranteed by the following result.
Lemma 3.7. Let fi iYj g iYj À1Y 0Y 1 be an exact 2-cube of complex vector spaces. Let h be a hermitian metric on i 0Y0 and let h 1Y0 and h 0Y1 be the hermitian metrics in i 1Y0 and i 0Y1 induced by h. Then the metrics induced by h 1Y0 and h 0Y1 in i 1Y1 agree.
Proof. Let us identify i À1Y0 and i 0YÀ1 with their images in i 0Y0 . Then the metric h 1Y0 in i 1Y0 is induced by the isomorphism i c À1Y0 i 1Y0 . Therefore we can identify i 1Y0 with i c À1Y0 and the morphism i 0Y0 À3 i 1Y0 with the orthogonal projection. But the image of i 0YÀ1 by this orthogonal projection is i À1Y0 i 0YÀ1 i c À1Y0 . Therefore the metric in i 1Y1 induced by h 1Y0 is induced by the isomorphism i À1Y0 i 0YÀ1 c i 1Y1 . By symmetry, the same is true for the metric induced by h 0Y1 .
(3.5) Let Zg emi be the subcomplex of Zg generated by the emin-cubes, and let h emi be the subcomplex of Zg emi generated by the degenerate emi-n-cubes. We shall write
To translate results about emi-n-cubes to all exact metrized n-cubes we need to construct a morphism of complexes
where h H a is the metric induced by h aÀi . Thus k 1 i F has the same locally free sheaves as F, but we have replaced the metrics of the locally free sheaves of the face d 
This n-cube measures in some sense the dierence between F and k
i F, and let us denote by k the map
& Then one can check the following properties:
(1) k is a morphism of complexes.
Therefore this map induces a morphism of complexes
In fact k is a homotopy equivalence. The inverse being the inclusion e Zg emi À3 e Zg .
(3.6) Let F be an emi-n-cube of locally free sheaves. We shall associate to it a locally free sheaf tr n F on Â P 1 n which, roughly speaking, is a homotopy between the vertexes of F.
Let x 1 X y 1 Y F F F Y x n X y n be homogeneous coordinates of P 1 n . Let I x i (resp. I y i ) be the sheaf of ideals in Â P 1 n de®ned by the subvariety x i 0, (resp. y i 0). Let p 0 X Â P 1 n À3 and p i X Â P 1 n À3 P 1 Y i 1Y F F F Y n, be the projections. Then the maps
are isomorphisms. The sheaf O P 1 À1 has a metric induced by the standard metric on C 2 . We put in I x i and I y i the metrics induced by the above isomorphisms. By 2.9, these metrics are smooth at in®nity.
For each pair of integers i P f1Y F F F Y ng and j P fÀ1Y 0g, we write
& For each a P À1Y 0Y 1 h i n , with a 0, and for each k P f1Y F F F Y ng, with a k À1, we write
n is the sheaf of rational functions on Â P 1 n . Given an n-tuple a 0 and an integer k P f1Y F F F Y ng,with a k À1, we write a k a 1 Y F F F Y a k 1Y F F F Y a n . We have the inclusions
Let us denote by u aYk X F a À3F ak the morphism Fa À3 a k. Let w be the morphism
The locally free sheaf a a 0 p Ã 0 F a J a has a metric induced by the metrics of I x i , I y i and F a . This metric is smooth at in®nity. The following result follows directly from the de®nition. Proposition 3.9. Let F be an emi-n-cube. Then there are isometries
(3.7) Let us give an inductive construction of the transgressions. If n 1, an emi-1-cube, F is a short exact sequence
where the metric of F 1 is induced by the metric of F 0 . Then tr 1 F is the cokernel of the map
Observe that this is a minor modi®cation of the locally free sheaf used by Bismut, Gillet and SouleÂ [B-G-S], [G-S 1] to construct Bott-Chern forms.
In the de®nition given here, we avoid the use of partitions of unity, obtaining a natural construction. The price is to restrict ourselves to emi-n-cubes.
If F is an emi-n-cube, let tr 1 F be the emi-n À 1-cube over Â P 1 de®ned by:
Then we write
The hermitian locally free sheaf tr n F de®ned in this way coincides with the earlier de®nition. Thus the transgressions are simply an iteration of the construction of Bismut, Gillet and SouleÂ .
(3.8) For any homology complex e Ã , we shall denote by e Ã the cohomology complex de®ned by e k e Àk . Let us use the transgressions previously de®ned, to associate to every emi-n-cube a family of dierential forms. Proposition 3.11. The map ch is a morphism of complexes and factorizes through a unique morphism
Proof. To see that it is a morphism of complexes, observe that, since the forms e ch 0 Á H are closed,
Therefore, by Proposition 3.9,
To see the existence of the factorization, we have to show that, for a degenerate emi-n-cube F, we have chF 0 in a e H Ã Yp. By symmetry we may assume that F s j n G, with j P fÀ1Y 1g and G an emin À 1-cube.
If j 1, then tr nÀ1 F is the exact sequence 
which is zero in a e H Ã Y p. The case j À1 is analogous. De®nition 3.12. We shall denote also by ch the composition
De®nition 3.13. Let F be a metrized exact n-cube. The form chkF will be called the Bott-Chern form of F and will be denoted by e ch n F H .
Higher characteristic classes
The Chern character from u-theory to a suitable cohomology theory, such as absolute Hodge cohomology, is additive for exact sequences. Nevertheless, given a cochain complex which computes absolute Hodge cohomology, we cannot make a consistent choice of representatives of the Chern character that behaves additively. Following the ideas of Schechtman ( [Sch] ), the lack of additivity at the level of complexes, of the Chern character for u n , gives us the Chern character for u n1 .
In the previous section we have associated, to each metrized exact ncube, a family of dierential forms. The dierential form associated to an ncube measures the lack of additivity of the dierential forms associated to its faces. In this section we shall see that this construction allows us to de®ne higher Chern character classes from u-theory to absolute Hodge cohomology.
(4.1) Let us begin by reviewing the Waldhausen u-theory of a small exact category. We shall follow [Sch] (See also [Wal] or [Lo 1]).
For n P N, let Catn denote the category associated with the ordered set f1Y F F F Y ng. Let w n be the category of morphisms of Catn. That is Ob w n iYj P N Â N j 0 i j n f g Y and HomiY jY kY l contains a unique element if i k and j l and is empty otherwise. The categories w n form a cosimplicial category w.
For any category C, let us denote by w n C the category of functors from w n to C. De®nition 4.1. Let E be a small exact category and 0 a ®xed zero object of E. Let n E be the full subcategory of w n E, whose objects are the functors w n À3 E, such that,
(1) for all i, i iYi 0; (2) for all i j k,
is a short exact sequence.
Let us write n E Ob n E. We shall denote by E or 1 E the simplicial exact category q n E, and by E or 1 E the simplicial set Ob E. In other words we have:
with a choice of quotients
In particular E is a pointed simplicial set. In the sequel we shall sometimes use the word space to denote simplicial sets. For a space g, we shall denote by jgj its geometric realization.
Proposition 4.2. (Cf. [Lo 2].) There is a homotopy equivalence

E fE Y
where denotes Quillen's -construction and f means classifying space. Therefore, for all i ! 0,
2) Let us recall the notion of spectrum from [Th] . For any pointed space g, let us write Rg for the suspension of g, and Xg for the loop space of g. We shall use the same notation for topological spaces.
De®nition 4.3. A prespectrum is a sequence of pointed spaces n for all nonnegative integers n, together with structure maps R n À3 n1 . These maps can also be described by their adjoint n À3 X n1 . A ®brant spectrum is a prespectrum such that all n are ®brant spaces and the structure maps n À3 X n1 are weak equivalences.
The space E is a piece of a prespectrum. To construct the other spaces that form the prespectrum, we write inductively m E mÀ1 EY m E mÀ1 E X Then m is an exact m-simplicial category and m is a m-simplicial set. For a poly-simplicial set g let diagg denote its diagonal space. We shall denote by g j j diagg j jits geometric realization. 
As a consequence of this proposition, if we write 0 E XE, then the sequence of spaces diag m E is a prespectrum. Moreover, if we replace the above spaces by weakly equivalent ®brant spaces we shall obtain a ®brant spectrum. For instance, let us denote by Sing the singular functor (see [B-K] ). Then, if we write
the spaces K m form a ®brant spectrum. By Proposition 4.2, the homotopy of this ®brant spectrum is the u-theory of E. (4.4) Let us associate, to each element of n E, an exact n À 1-cube. We shall do so inductively. For n 1, we write
Assume that we have de®ned Cub i for all i P m E, with m`n. Let i P n E. Then Cub i is the n À 1-cube with
For instance, if n 2, then Cub fi iYj g 0 i j 2 is the short exact sequence
On the other hand, if n 3, then Cub fi iYj g 0 i j 3 is the exact square
All the faces of the n À 1-cube Cub i can be computed explicitly.
Proposition 4.5. Let i P n E. Then, for i 1Y F F F Y n À 1, the faces of the n À 1-cube Cub i are
By proposition 4.5 and using induction we have, Corollary 4.6. The n À 1-cube Cub i is exact.
Therefore we have a map Cub X n E À3 g nÀ1 E.
(4.5) Let ZE be the homological complex associated with the simplicial set E. That is, Z n E is the free abelian group generated by n E, and the
The map Cub can be extended by linearity to a map Cub X ZE1 À3 ZgE X Note that this map is not a morphism of complexes. However, the map Cub induces a map also denoted by Cub X ZE1 À3 e ZgE. And, since by Proposition 4.5, dCub i Cub di degenerate elements Y we have:
ZgE is a morphism of complexes.
(4.6) We can obtain analogous maps for all the spaces m E. In particular, we have maps
Let us denote by Z m E the chain complex that, in degree n, is the free abelian group generated by
The dierential of this complex is the alternate sum of all the face maps. Note that this complex is homotopically equivalent to Zdiag m E. The induced map
is also a morphism of complexes.
(4.7) Let m ! 1 be an integer. We shall denote by Z Ã m the cohomological complex associated to the homological complex Z m Ã .
De®nition 4.9. The Chern character map is the composition
This map will also be denoted by ch. The Chern character classes are obtained by composing with the Hurewick map:
Proposition 4.10. The above de®nition does not depend on the choice of m.
Proof. For a pointed simplicial set , with base point p, we shall write The aim of this section is to prove that the higher Chern character classes de®ned in Sect. 4 agree with Beilinson's regulator map.
(5.1) Let us begin by extending the de®nition of the map ch to the case of simplicial smooth complex varieties. To this end, we ®rst recall the con-struction of the absolute Hodge cohomology of Á a smooth simplicial complex variety. For each p, the complexes e H Ã n Y p form a cosimplicial complex as n varies. Let N e H Ã Á Y p be the associated double complex and let us denote the simple complex by
For the de®nition of the u-theory of simplicial schemes we shall follow [Sch] . We shall say that a smooth simplicial scheme Á has ®nite dimension if there is an integer m such that
where Sk m is the m-th skeleton of , that is, the simplicial scheme gen-
Let Á be a simplicial scheme of ®nite dimension. The family of prespectrums f n g n form a cosimplicial prespectrum Á . Let K Á be a ®brant cosimplicial ®brant spectrum weakly equivalent to Á . Then the u groups of are de®ned as
Since has ®nite dimension, there is a convergent spectral sequence
Observe that for a given simplicial scheme Á , of ®nite dimension, it is not necessary to work with the whole spectrum. Let m be such that Sk m . Let us choose a positive integer q, and let K q Á be a ®brant cosimplicial ®brant space, weakly equivalent to
For an arbitrary simplicial scheme we write
Let be a smooth simplicial complex variety of ®nite dimension. Since the map ch de®ned in Sect. 4 gives us a morphism of complexes
we can extend the de®nition of the Chern character to the simplicial case, obtaining maps:
If does not have ®nite dimension, taking limits, we have also characteristic classes
Remark. 5.1. All the constructions needed to de®ne the map ch can be extended to the case of a smooth simplicial scheme . over C, such that each n is a (not necessarily ®nite) disjoint union of smooth complex varieties. For instance, by a compacti®cation of n we shall mean a disjoint union of compacti®cations of each component of n .
(5.2) Beilinson [Be] has de®ned characteristic classes from u-theory to absolute Hodge cohomology. These classes are a particular case of the characteristic classes de®ned by Gillet [Gi] to any suitable cohomology theory. In particular, Beilinson's regulator is the Chern character in this theory. Let us denote by q the Beilinson's regulator map.
Then ch and q are natural transformations between contravariant functors. Both agree with the classical Chern character on the u 0 groups of smooth complex varieties. The aim of this section is to prove the following theorem.
Theorem 5.2. Let be a smooth complex variety. Let r P u i . Then chr qr.
Proof. Let U f a g be an open covering of . We shall denote by E Y U the full subcategory of E composed by the locally free sheaves on whose restrictions to all a are free. We shall denote by E Y U the category of hermitian vector bundles on whose restrictions to all a are free. Let us write
) we know that there is a simplicial scheme B , which is a classifying space for algebraic u-theory. More precisely, Schechtman proves the following result. 
where Hom is the function space and x U is the nerve of the covering. [Th, 5.25] and [Le, 3.1 .2]) we obtain a natural map
Taking homotopy groups we obtain natural maps
In particular, if f X À3 B is simplical morphism of simplicial schemes, then f de®nes an element of p 0 Hom Y B . Let us denote by e f the image of this element in u À1 .
If does not have ®nite dimension, since any simplicial morphism f X À3 B induces simplicial morphisms f m X Sk m À3 B , taking a limit, we obtain an element e f P u À1 .
Remark 5.4. The identity of B de®nes an element, denoted by e B P u À1 B . Moreover, for f as above, e f f Ã e B .
(5.2.
3) The element e B is, in some sense, a universal element in u-theory. Since e B P u À1 , to exploit the universality of this element, we need to relate elements in u n with elements in u À1 . This can be done using spheres.
Let r P u n . Then there is an open covering U of , such that r P u n Y U p n1 Homx UY B . Therefore, there exists an integer d ! 0 such that r is represented by an element
where n1 is the (pointed) simplicial n 1-dimensional sphere and Sub d is the d-th subdivision. Let us denote by n1 Sub d n1 .
Lemma 5.5. Let Á be a smooth simplicial complex variety. Then there are natural decompositions
Moreover, the maps ch and q are compatible with these decompositions.
Proof. We may assume that has ®nite dimension because the general case is obtained taking the limit. Then
The spectral sequence associated with Tot a has i 2 -term:
&
Let us denote by Ã the simplicial point. Since the spectral sequence of Ã Â splits the spectral sequence of n1 Â , the above spectral sequence degenerates at the i 2 -term, and the exact sequence obtained from this spectral sequence splits in a natural way. The same argument works for cohomology. Moreover, since ch and q are natural transformations, they induce morphisms between the u-theoretical and the cohomological spectral sequences, proving the compatibility statement.
Let us denote by pr X u À1 n1 Âx U À3 u n xU the projection. The precise meaning of the universality of e B is given by the following result.
Lemma 5.6. In the group u n x U, the equality Thus, to prove Theorem 5.2, we are led to compare che B and qe B . For this comparison, we need to understand the cohomology of B . This cohomology has been computed by Schechtman [Sch] . The simplicial scheme B is the classifying space of a simplicial group ., where 0 Ã and 1 q n GLn. Thus it is a bisimplicial scheme B Á Á . The edge homomorphism of the spectral sequence associated to the second index gives us a morphism To this end we shall see that, since the maps ch and q agree for the u 0 groups of smooth complex varieties then they also agree for the group u 0 BGLn.
Proposition 5.9. Let r P u 0 BGLn. Then chr qr X Proof. Let GrnY k be the Grassman manifold of dimension n linear subspaces of g k and let inY k be the rank n tautological vector bundle. Let U k f a g be the standard trivialization of inY k. Let us denote by w X x U k À3 GrnY k the natural map and by u k X x U k À3 BGLn the classifying map. Since absolute Hodge cohomology can be computed as the cohomology of a Zariski sheaf, the map
is an isomorphism. Moreover, for each i 0 there is a number k 0 , such that, for all k ! k 0 and all i i 0 the map
is an isomorphism. But for r P u 0 BGLn we have 
Let us ®x a smooth complex variety , and U an open covering of . Let us denote by u the tautological map u X x U Â Homx UY B À3 B X Given any class x P r n H B Y Rp, we have a class
For any integer i, let us denote by p i x the induced map
Taking the limit over all coverings we obtain morphisms
This construction can be extended to the case when is a simplicial smooth complex manifold. chr qr concluding the proof of the theorem.
( 5.3) The same argument shows that, for a smooth simplicial complex variety X, an integer i ! 0, and an element r P u i then chr qr. To prove the same result for i`0 one can use an analogous argument using B m ( [Sch] ), with m b Ài.
Higher Bott-Chern forms
The higher Bott-Chern forms introduced in Sect. 3 are dierential forms de®ned on Â P 1 Ã . Nevertheless, the original Bott-Chern forms [B-C] and the higher Bott-Chern forms introduced by Wang in [Wan] are dierential forms de®ned on . The aim of this section is to relate both notions of higher Bott-Chern forms, in the case when is a proper smooth complex variety. The main tool for this comparison will be an explicit quasi-isomorphism
To this end we shall ®rst introduce some complexes which compute absolute Hodge homology and cohomology.
(6.1) Let us begin by introducing the complex where the simplest Bott-Chern forms are de®ned. This complex is a minor modi®cation of the complex used by Wang in [Wan] (see also [Bu 2]). The use of this complex has been suggested by Deligne in [De] . Let be a proper smooth complex variety. We shall write
, then x x pYq is the decomposition of x in terms of pure type. The morphisms u and w are homotopy equivalences inverse to each other.
(6.2) In order to make the process of comparison clearer, we need an auxiliary complex to compute absolute Hodge cohomology, which is provided with a graded commutative and associative product. It can be obtained by means of the Thom-Whitney simple introduced by Navarro Aznar (see [N 2] for the general de®nition and properties of the Thom-Whitney simple).
Let v Ã 1 be the dierential graded commutative R-algebra of algebraic forms over A In this way we obtain a map
This de®nition can be extended to any locally integrable dierential form.
De®nition 6.6. We shall denote by n the element of H Proof. Let us denote by r i the automorphism of P 1 n given by r i x 1 X y 1 YF F F Y x i X y i YF F F x n X y n x 1 X y 1 YF F F Y y i X x i F F F x n X y n X Then r i Ã n À n , for i 1Y F F F Y n . On the other hand, if
Hence n g 0 proving the result. On the other hand, if F is an emi-n-cube, then e ch n F TW 1 2pi n P 1 n e ch 0 tr n F TW n X De®nition 6.17. LetF be a metrized exact n-cube and letG be a metrized exact m-cube. Then F G is the metrized exact n m-cube given by
with the obvious morphisms and metrics.
Proposition 6.18. Let F (resp. G) be a metrized exact n-cube (resp. m-cube). Then e ch nm F G TW e ch n F TW e ch m G TW X Proof. We may assume that F and G are emi-cubes.
Let p 1 X Â P 1 nm À3 Â P 1 n be the projection over the ®rst nprojective lines and let p 2 X Â P 1 nm À3 Â P 1 m be the projection over the last m-projective lines.
Lemma 6.19. Let F (resp. G) be an emi-n-cube (resp. emi-m-cube). Then tr nm F G p Since tr 1 is computed in each edge separately, it is enough to prove the case n 1, m 0, but this case follows directly from the de®nition.
Using lemma 6.19, the multiplicativity and functoriality of the Chern character forms and the de®nition of the forms n , we have: 
